
§ Appendix: Algebraicgroupsand l i e theory (overk = I ofcharacteristic0)

G actso n i ts coordinate ring KEG] (donotconfusewiththegroupringtoG), this action i s faithful s o i t i s faithful÷:::::::::::::::::::
" " ' " " '" ' " '" ' " ' "

'" ' " ' " ' " ' " "

o n s ome finitedimensional subrepresentation V-KEG]; for th i s u s e thefactthatevery representation i s a

c olimit of i ts finitedimensional subrepresentations. ThusG i s a (closed)subgroupofG L(v), conversely every

• Standard notions al l hold true. A map H→G ofalgebraicgroups definesI t a s a subgroupofG

i f i t definesa n inclusion ofschemes, i t i s automatically a closed immersion. A map C-→ H ofalgebraic

groups defines I t a s a quotientofG i f, a s a morphism of schemes, i t i s dominant/surjective/faithfully flat

(all conditions equivalent).The quotient G→ I t i s spliti f there i s a subgroup H→ G such that the composite

H→ G → H i s a n isomorphism; i n this ca s e G i s t h e semidirectproduct G - N* H where N-Ken(G→ H).

•The groupG i s solvable i f i t c a n b ebuilt fromcommutative groupsby extensions, i e G has
subgroups Go,...,Gn satisfying G-Goo...-Gn=1 with Gi normal i n Gia , a n d Git'/G; commutative.

I f G i s connected, solvabilityi sequivalentt o therebeinga subnormalseries likeabove butwith each

G i normal i n G, and Gilgit, E Gim o r G a .

. . .
nilpotent i f i t c a n b ebuiltfrom commutative groups by central extensions, i e

the subnormalseries above additionally satisfies G i aG , and Gilgit,C Center(Gloin). I f G i s

connected,i t i s nilpotentiff i t i s solvableands o m e(equivalentlyall)maximaltorus i s central.

. . . unipolent i f i t c a n b e bui l t from copiesofG a bycentral extensions, i e a l l Gilgit,
i n the centralseriesabove a r e isomorphict o G a . Equivalently. G contains n o copyof Clem(equivalently

1 1 i s a maximal torus i nG). Equivalently everynon-zero (or s o m efaithful) representation V h a s a

non-zero trivial subrepresentation. Equivalently forevery G B G k n , each 0 g (geo) i s a unipolent

matrix ( i e (og-1)"0=0). Equivalently everyG I G-L n h a s image,u p t o conjugation, i n the group
①n = {(f it)} . Equivalently G i s isomorphic t o a subgroupof Un.

• Connectedsubgroups B C G solvable, R (G)A G solvable, Ru(G)a G unipotent a r e Borel resp.radical rasp.
unipolent radical i f theya r e maximal wrt givenproperties. The two radicals a r e unique,Borel

subgroups a r e uniqueu pt o conjugation. Clearly RuCG)C R (G)C B , and w e have RuCRG)= RUG,

R(B)-B. R (G) i s A ofal l Borels, Ru(G)i s M of a l l RucB)s o v e r B Borel.



Note a torus i s solvable s o every(maximal)tones i n G i s containedi n s o m e B o r e l - f o r any T C G

maximaltonestherea r e fnilelymany Borels B,,...,BnC G containingT , and R O KMiB i , Ru(G)= h iRulBi).

• I f G i s a connected solvablegroup,then RUG-Gu i s t h e largestunipolent subgroupof G , and Glou

i s a torus. Moreover t h e sequence 1→Gu→G→%u→1 splits a n dthesplittings %u→G correspondt o

maximal tori i n G . Moregenerallyi f G i s any group, T - G maximal tonesa n d ①o f a Bored containing

T , then have ① = B uX T s o T i s uniquei n 13 u pt o conjugation. I t follows that T i s uniquei n G u p t o

conjugation, i n fact (B,T ) i s uniquei n G u pt oconjugation.

• A connected groupG-i s simple i f i t i s n o ncommutativeand has n o nontrivial normalsubgroups.

. . . almost-simplei f noncommutative andhasn o nontrivial connectednormal subgroups.

. . . semisimple i f RCG)-K, i e i t has n o nontrivialconnected normal subgroup

that i s solvable(equivalently commutative.) EquivalentlyG i s reductivewithfinitecenter.

I f G i s semisimplea n d H i s a minimal nontrivial normal subgroup then I t i s simple. There a r e finitely

many such H , say Hi,...,Hh, they commute, H,n . . .N t n i s finite,and H,x . . .xHn→G i s surjective.

. . . reductive i f Ruff)-1, i e i t hasn o nontrivial normal subgroup that i s unipolent.

Equivalently i f every finitedimensional representationV i s semisimple,i e . a (direct) s u m ofsimplereps,
equivalentlycompletely reducible i n t h esen se thatevery subrepresentationWa l l i s splita s V =NOV'

Equivalently, s o m e semisimpleerepresentation G→ G LCV)h a s finitekernel. Equivalently,R G i s a torus

Hollows fromnoting RG-RufX T fors ometorus);then RG4 2 6 and thequotient 28/126 i s finite.

Mole EGG]i s semisimple, I.GGI nRG i s finite, [GG]commuteswithR G and G= IG,d oR G . Conversely G

i s reductivei f I s ,T oG, S semisimple,Ttones, S hTfinite, S ,T commute, G= S T

• A groupG i s linearlyreductivei f i ts neutralcomponent o_0i s reductive, equivalentlyevery finitedimensional

representation V i s semisimple,equivalentlycompletely reducible.

• T h e Liealgebra@of a n algebraicgroup G i s i ts tangentspacea t identity - viewing0 a sa functorofpoints

into thecategoryofgroups,have y = beer(Gl''take4)→ G(K))= Home(HI?k ) where I-KEG] i s theidealdefining

{ E KG . Then@is naturallya K-vector space.Eg the l i e algebraof G LCv) i s End(U)when V i s a finited i m
vectorspace.Now takingderivativesgivesa natural map Auto)→ G L(g), composingthis withtheadjointaction

G→ Auto);ginkg-'hg givesthe adjointrepresentation G→ G L(g).



Takingderivatives,getthe adjoint (lie) representation⇐→ End(g), i e a map F,-3:Exes→ . Th is definest h e

l i e bracket with i t s usualproperties.

• A subalgebrai s a subspacebegsuchthat [b,b]cb, a n ideal i s a subspacewith [b,g )-b. I f H C G i s a
subgroup then i ts l i ealgebra4 i s a nsubalgebraof& , i f I t i s normalthen b i s a n idealof@.

• Thecenter o fG i s the kernelo f Ad:G→ Auto);t h e centero fg i s the kernelo f ad:@→Ende l i ea l lxegsuch

that [x,-1=0. I f G i s connected, a (g) i s the l i ealgebraof26 ) . Moregenerallysuppose 6 i sanygroupwith

subgroupH , writeC aforthecentralisero fH and Alt,forthe normaliserofH . Lettheir l i e algebrasb eg ,ly,c a ,h a .

Then cµ=&HCHinvariantparto fg), and HH/t= (Ily)".

• A l i e algebra i s solvable i f i t c a n b ebuilt fromcommutative onesbyextensions, i e therei s a finitesequenceof
subalgebras g - f o - f , s...#n-O with eachf i t , a n ideal i n f i , a n df i l ei t , abelian. Canchoosesuch that

d i m(Fil#it,)= L . Equivalently§ i sthe l i e algebraofa connectedsolvable group.
. . . nilpotent i f i t c a nb ebuiltfromco

,
m

mutativeonesbycentralextensions, i e each§ ;+ , a bove i s

i n the centero f§ ; . Equivalentlye a c h [x,⇒ c -Endei s nilpotent (ref),equivalently I n >0 withFsu,Ey,E. ,a nI D= 0

fora l l su,...,a nEeg.Equivalently & i s t h e l i ealgebrao f a un ipotent group.

• T h eBorel subalgebrabeepi s thelargestsolvablesubalgebra, t h e medicalrag i s the largestsolvableideal,

the nilradical h a g i s the largestnilpotentideal. ByLevi'stheorem,t h e quotient g→ % splits.

• A l i e algebra@is simple i f i t i s not abelian andhas n o nontrivial idea.
. . . semisimple i f t h eradical n i s trivial i e 1 = 0 . Equivalently§ i s reductive

with trivial center. Equivalently,&=b,t o . . .oh , where each bid@isa simplel i e algebra.
. . . reductive i f radical r i s central i e tie,@7=0.ThenHa l f ) and the Levi

decompositionbecomes§# t o5 where ⇐ Glen i s semisimple andequals [g ,g].Conversely,i s reductive

i f g -s e a for s s em isimple, a abelian. Equivalently§ h a s a faithfulrepresentation V thati s
completely

reducible l i e i f W d i s a subrep. thenV-WtoV'). CantakeU t o betheadjointrep & QE .

• I f G i s a t i egroupandT - G a maximaltorus,then thecentraliserCat)-{GEGIgt=tgf tET} i s a
Cartansubgroup.thisi s connectedanduniqueu pt o conjugation. I f G i s reductivethenF -Colt).



• Fora l i e algebra& , a subalgebrat a g i s toral i f i t i s abelian and each operator ade:&→ &
Cte t ) i s a diagonalmatrix fors omechoiceofbasis. A subalgebra4cg i s Cartan i f i t centralisess o m e
maximal toralsubalgebra, i e b= {xegl Exit3=0 h t tet}. Equivalently b i s nilpotentand self-normalising

i e b= ExeglEx,bKb}. I f g i s reductive then maximal tonalalgebras a r e self-centralising,s o

b a g i n th is c a s e i s Cartan i fa n d onlyi f i t i s maximal toral.

• SupposeG i s sem isimpleand T C G i s a maximal torus, correspondinglyw e have the semisimple l i e algebra

& with a Cartan subalgebrab. Now T i s reductive and abelian s o i ts simple representationsa r e i n

bijection with i t s characterlattice X* (T)-HornCT,Gm)c Horn(b,b )=3? The representationT o G-→ Gila)
mustthensplitintoa s u m tQe×*a,E , where E x i s a t o dosimple representations givenbya , i e f tE T

and yeah, t y= actly Equivalently, @ =tongue, i s a simultaneousdiagonalisationoft h e operators

ad,:&-78 Geeb), s o that fory e& , w e haveBc,y]= acxly. Note then that@o i s the centraliserof

h i e g o=3. The non-zero 2 s which appeara r e the roots of& . Turns out this decomposition

(hence t h e root systemOI-Y) determines& completely,s o determines G- u pt o centralisogeny: note

b i s t h e dualt o spanQT, each& , Cato) i s 1 -dimensional, Tea,Gp]⇒ + p i f 413,4+13nonzero,

822=0 fora l l roots, a n d Leo,I , ] t o⇒ TO E , i s isomorphict o ask= (8¥)t o(88)t o(0*8).

• T h e rootsforma rootsystem, i e theyspan b"and determine a complementary set of c oroots I k b with

a bijection EY:I → I V such that {OI,E Y E71, 42,4">⇒ FLEET, and t h e map ra:b'→higiven by
pups-43,242 i s a reflection that mapsI T t oOI. T h e WeylgroupW-tr,IaEOI) c a n b e builtfrom

G ,T : l e t N F G b e t h e normaliserofT , then Nyactsbyconjugation o n T , henceo n b , and T oMT
fixes T and Y pointwise s o i n fact NYTQb. Turns out W ENYT.

• Each Borel subgroup B C G containingT (equivalently a ny Borel subalgebra b a g containingb) determines

a set o f positive roots by 2%0#§,c boi this i s a bijectionbetween systemso f positive roots and

BorelscontainingT . ChoiceofBorel alsodetermines positive

• WriteEcb forthe7 -spanofOI,t h i s i s t h erootlattice. likewise t a b , t h e71-spano fOIV, i s the c oroot

lattice. The weightlattice T I Kb" i s t h edualt o IT, i e T IE{petl ta!p>E E t a 'EE ' } . Then w e

have I E X* (T )E Tl", and IT"/x*CT) i s t h e fundamentalgroup ofG .



• Example: GL, ove r0 . Thesubgroup↳= ('81¥) i s unipolents i n c e al l i t selementsa re , s o i t i s also
nilpotent and solvable. The centralseries i s 1 - ('88¥)-(GIF)-①3 . Therei s a largersolvablegroup
I I s= (**¥5) containing03, i n facti s i s Borel s i n c e 043/73 i s a properflagvariety (whichc a n onlyhappen

i f i t containsa Borel subgroup). Now 03i s normal i n Tb a n d thequotient i s 1GB,with a splitting
clime1133=(11*8). I t follows that TD,i s a maximal tones i n Tb (hencei nG↳)andUs i s t h eunipotent

radical of Tb. Likewise ①¥ (¥'*i ) i s the unipotent radical of Tb!= (¥*¥*). S o the unipotentradical
ofGb, containedi n 03h03,mustbe thebivialgroup 1 i e GL, i s reductive. The radicalo fG b i s

thus containedi n i ts center aim1 1 , and clearlyth is has n o finiteindexsubgroups s o the radicalofGL, i s

G lm '1 , the torusofscalarmatrices. I t followsthat EGL3,0137,ESL , i s semisimple and everymatrix i n G b
i s a producto f a matrix i n SL , with a scalar (its determinant).

The l i e algebraglz= Matz i s thusalso reductive, i t s medical f - i tscenter) i s the algebra re- l ", ) ofal l scalar
matrices (whichcommutewitheverything) and thesemisimplepart i s thealgebra blogo f traceless3 × 3matrices.

Now choosethemaximaltorus F - {(abc)label} = Gm tst-3, withcorrespondingCartansubalgebra

b= {(abc)/a tbtc-o}coals. ClaimGuess)there i s a rootspace decomposition

e l , = boil::*:Hot::#toc:::*)of:*::)of:*:.:)t oC::*:).
Needt o check T actiono n each component, s ay M-(abc)E T. ClearlyNIXMt-X fora l l XEb. I f

11=(8%08)

then 1411M¥ab'.X , i e ( i f i ) i s a simple T-representationcorresponding t o the characterabt.Likewiset h e
remaining a r e givenbycharacters ai'=a2b,bi'-ab?boi', cat-a-25',cbt-a-'b-? So w e dohavea root-space
decomposition! Thecharacter latticeX* (T)27102 recordsthe exponentsofa ,b s o the rootsystem i s ÷j¥j¥

q÷ChoosingtheBorel (******) givesa setofpositiverootsdoubt,2,= ab? doth,=a2b.

Sanity check:
(08%08)Else,)ao,0808%)e (ads),,, [1858081,1%08%1]=18%89Else3)* a . .

What'stheWeylgroup?The torusT i s normalisedby NEA?% , l?I:'),('%) ,liz?!),HI !) ,E!!)}
subjectt o xyz-1, ofcourse. T o s e et h e action NTDT,computeegthat l ?I9)labc)I?I b.)

I (acb) i e eachclass

ofNYT, representedbya permutation matrix,actso n T by permutingdiagonal entries. Thus W = Gz.
HowdoesW ac to n b? Samecomputationo n X* (T)-Y"(the inclusion measuresthederivativeofthecharacter,eg
a E X* (T) getsmappedt o d ac -b"givenby dat"'2.)= x , since a(

" " "
" E ' weez)= utex) s o egtheaction

of M= (:*i:*) i s M .da-daOM= da, M.db=dboM-do =-da-db, i e Mko)=M(da-db)=2datdb=8+4
likewise i t sends a ,t - d , i e M2 5 byreflection i n 2 1 .


