¥ Appendix + Alggoraic grours and Uie dheony (ower W=k o characlerighe 0)
* An algebrsic goup it an affine group-scheme /e, avtomatically smooth (Carkier’s Yheorem). Quch a group
G ack on s cordinale fog k[G] (o not onfuse with 4he Qroup 1irg, k6), dhe ackon it falhiul o # is fatnf)
on wme frite dimensional cWoreprosentation VEk[G] 5 for dnis use dre fact et elery  representation is 8
it o, #s finde dimensiors| Sdbrepresentations. Thus 6 ie & (closed) sdagroup ofy GLY), converdely ey
sogoup oy, Eln is dearly an algebaic govp.
* Standard  notions &l hold . A mep H—G o) slggbreic groups defines W as & sdbgroup of 6
1 # defices an indusion o shhemes, it is av%oma-\w'ca\\g a3 cloed immersion. A map G—>H ¢ sbebnic
goups defires H as a quotient oy & if, & & morphism o sdhemes, * i dominant | sogectve | fatnflly fat
(s\ enditions equivalend): The quotient G—rH is <ot i} drere ¢ & Wbgoup H—G et dhe cmpodite
H—+6—>H i an icomorprism; in g ese 6 is dhe cemidiect produck G=NxH  where N=ker(c—H).

‘The group 6 is coluable, i it con ke builk from commutshue goupe by edertiors, e & es
Wogrous G, -, On ga\'\s{l,mg 6=0=-26=1 with Gj rorma) in B, and 6‘*‘/6; commMutahve.
If 6 i conveded, Wuekildy i equivdlent to drere being a sbnomal @eres like aboe ook with each
@ tormal in G, and Sy, 2 Gm or Ga .

nilpolent if % an be bilt from commulative grope by ceotml exdensions, ie
e subromal ceres sbove additiorslly whifles GiAG, and S < Cenee(®ly)- IF G e
anreded, i ie mipdenr I i is sduade and e (equvslently al) maximg) o i cental.

nipoent i it ean be buitt fom apies o Ga by cenfral edensions, e all S,
0 e centesl wdies gbove e isomorphic do G, Equivslently, & ertaine o apy of, Gy (equivslently,
L i a mavinal dos in G). Eqd\)&\eﬁ“/\jb every_ ron-zero (o some. fathful ) representstion V' has a
non-zero fsvial  edbrepreserttation . Equiveleotly for eveqy 6~ Bly, eah @ (9€G) i a unipdiert
matex. e (‘Pg—'\)77o= 0). Eq\)\\ls\eﬂ’c\y@ eveny 6Bl as imege , up Yo corjug@ation, i dre quup
mn'—’{(‘d'* \BE Ec\o‘\\)a\enlr\g“ SN ‘\gomov\:\nic Yo o Vogroup o% Up-

« Goreded aoyope BEG dwble, RE)AG slsdle, Ry(®)4 G uniplent sre Borel resp. radical rexp.
unipolent redicsl i dhey are maximal wek given proerties. The {wo rdicale are unique , Borl
wogoups &€ unique up to cnjugation. C\ea‘dl_,() RUGCEREG)EH, and we have R, (RB)=R,S,
R(®)=B. RE) is Nof all Borels, Ry@® & () of sl Ru®)s over B Borel.



Note a Jorus it soluable <o every raximal) torue in & i cntained in some Borel — for any TG
maxima) torug dhere are %\\i\d% many Poels B .. BTG Cbn\‘sinima T, and Q(G)'-‘ﬂ;%{ , R@ =R ().

I & is a connecled luable grup, ten Ry©=Gy it the lamest uniplent sdogroup of &, and 6/6u.
is & forue. Morcover the sequence 426762961 oliks and e spithings /o8 @rmespond o
maximal fori in 6. More gererally § 6 i oy gevp, T=86 maximal. fows and BS6 o gorel ontsining
T, then hove B=BAT s T is unigue in & up o conjugation. [t Bllowe et T s unique in @ up 1o
corjugation, in fek (&T) & unique in 8 up to corpugation.

* A onnecdled group G e imple i i iz roncommutshue and has no nontsvial normal subgros -
almosk -smple. i noncommutabue and has no nonksiisl annecked normal - sobgroups.
semicimple if RG)=1L, ie i hag no rontsvial connecled normal subgroup
that is wlualole (equivalentig commutative.) Equialently, G is reduchive with finle cenler.
B 6 i emiampe and H it a minmd) mnkivial noral slogous hen H i Smnpe . There are foitely
0 sodh W ocay By Wy —\Srwe;d commute, HWn-nHy i Snde, s Rx xH—6 ic ppchve .
reduckive, if R®)=1, ie it has ro nontovial normal sdbgroup Hhat is wnipdent.
Equivalentiy ity every finite dimengional  vepresentation Vie emicimple , ie- & (direck) som of) Stople veps /)
equivalently cmpleldy reducide in dre sence dwk every  sorepresentstion WEY iz ik ar V=WV
Equivdlently , some  cemitimple. representahion 6—>GL(V) hat finile kernel. Equivelently , RG is & tonus
(Follows From nohng RE=RGXT for some lows); dhen RBAZB ard e qudient Z6/REG is fite.
Note [0,6] is emicimple, [66I0RS i firite, 166] commiler wkth RG and 6= [5,61-RG. (onversely G
is veduckive iy 38 T=G, Q semisimple, T, T finde, ST commule, G=QT

* A qroup G i inearly reduckive e veual component B & reduckie, equialenty, eveny Rnite dimercionsl
vepmserﬂa’ﬁon S &Qmig\mp‘e , QU Va\MMO Cmrr)p\eje,\/y0 reduele -

° The Lie 8gebn 2 of an dggorlc goup & is s Yot spae o idenbly — uewing § ax & frcor ol points
into e calepry o grovps, hane & = ker(&(1E &) —> 6(1) 2 Hom, (Tx2 1) where TKIET is e idaad dafjingy
fe}c6. Then & s nabvelly & k-vecor space. E% fre e doeba o) GLIV) i End ) wren Vic & Bl dim
vechor egace.. Now hkm% doriatives gives & natvl map  Auke) — BL(&), composing Hig with Hhe adjoint ackon
G—* Auk(®); gi=gha  gives the adjoint repreentation 8—6L(&)-



Ta\d(\ﬂ doretives, oek Yhe odjoint (Ue) representation (Q——%Evd((g) ceamp -1 axqa—re. TThis defves the
Ue brckel wilh it wwoel properties.

* A sioslopors s 8 whspa@ g such et Ty Ik, an ideal s o sspace uith Ly, 1<l 1 Heg & o
suogroup then it lie slgebia by it & whoslgebe of &, € His normal Yhen by ic an ideal o) &.

* The cenler of, & is dre karvel o, A:G—YAR@); the cenler o ¢, is e komel d adigrEndey Ce all xeg b
ok [-1=0. Tf G is omedad, z(e) is te Lie dpgbw dy Z(@)- More gerenlly, wppore. & & aryy group with
wogroup H, write Gy for the centedicer o W and Ny for dhe rormaliser of K. Lek theie Lie slggboras oo & by, Sy, 1y -
Tren  cy=a' (Hinvriant part d &), and ﬂnl13=($/43)“.

*A le algeba it wolalde if i can be builk from commutsive ores by exdensions, ie here is & Anite sequence of
whalpelons  g=6 (>4 >-3& =0 wih eadn &g an idesl in &, and &y soelisn. oo choose swh dnat
dien (&1] &) =1 Equi\r&\ensr\qb ¢ e tre Lie slgdon 8 annected soluskle. group.

. nilpdent if # o e built fom ommutahve ones loy cenhel exdencione, ie eadh &;, soove is
in Yre cenler oy &; - Equivalently eadn  [x1ebrde is rilpolent (xee), equ'\va\ev\jf\»d In>0 with oy, lx, [, xad11 =0
for =,k Bquivalentiy & s dre Lie lpebw ofy & wnipolent Qroup-

* The Borel sdosloelon bee ® e larpest solwble suba\%e\o(a , the ndical rd e i the lamgest wlalde idea),
the niladicsl 4 g i the lorgedd vilpolent ideal. By lenig Hreoren, Hhe quotient (g—n&/% Wits.

e A Lie 8\<ae\ora & e g'\mp\e £ i e vt gelian and e o rontswial idesl.

... emigmpe i e vadicel ¢ is hwiel ie r=0. Equivdlently & % reduckive
wiln banial center. Eq\xi\ls\en\\% , &8 @@l dhere exch Y4 & ik & Smple lie algebra-

.o reduckive i redical r e centl e [ &]=0. Then r=2(&) snd dhe Lo
decompontlion becemes E=H®S  where =&/ i %em'ns\mp\e and equals {g,gﬂ. Conuevse\@ & reduckiue
fh eFsde for ¢ emisimde, & akelian. Equxua\u\‘rﬁ ¢ s 8 fsitnjol epresentation N dnat i Comp\ﬂ:‘ﬁ\d
rdudble e iy WV e & subrep. 4hen V=WSY'). G ke U Ho be dre djont ©p ¢ O &.

‘1! 6 icoliegoupand TEG & waximal forus, then Hre centralicer CG(ﬂ:g%eG\ t=tg YteT§ i &
Cacan wbgmup, fis & enneded and wnique wp 4o cdpgation. I & is reduckive Yhen T=CeT).



-For & lie dlogbe ¢, & aubdgebe 4=k e ol § & it sbelisn and each opershoe adyt & &
(et) i a disgpral makox e sme dnoice o oasis. A wbalgebw Y= & ie Cactan if it centealites come
maximal Jotal doaloelow 5 e \3-:%1%\ [et]=0 Veetl Equixfa\en\{% W i nilpolent and &J@—nmmusfg
e k=lxeg) L= it I & s reduckve  dhen maximal forel alopbrs are celf -enhaliting ; so
We & W his ae & Carn ifand ooly W % i mavimal dorel

« Wrone G it emicinple and T=6G is a maximal s, comespondingu | we have the cemisimple Lie alophia
& with & Corlan oolpebe . Now T is reduchive and akelian o #s simple representstions. are in
bijeckon with its characler lathice X¥(T)= Hom (T, Gm) = Hom( ly ,l@:b\’. The vepresentstion Ter»G—> GL(e)
muet dhen it into & sum EBxex*(ﬂ &, whee &y is a @ o swple reprecenafions given by o, e VEET
and yEgy, ty= (by Eqw\l&\ew\\kd , &= E%‘ﬁb" &y s a smulfneous diagondisation o, 4re cpertors

ady &Y & (ely), o dab for ye g, we hove Txyl=d@)y. Noe dhen Hot &y s the cnnlisec of

i e &o=l. The nonzaro As which spresr are the roots of & TTorms ok At decomposition
(hene fhe oot Sydem @Ckw defermines & ompleley, o delermines G up to conkal isogeny rote
h i the dudd Yo Lpan @, ean & (e#0) is A-dimensiond, [, &1 =&up I oUB, &R nontaro,
8,4=0 fedl rooks, and [, & IO B& 4 ie womophic Yo &b, = (5@ D@38,

+TThe roots form & root sysdlem, ie Hrey span b’ and delermice & complermentary st oy wacts Dl uith
3 biedion OB qch b B,FVEZ, ()= VAED, and the map g guen by

i p—(paVd & a reflction et mas B 1o & The Wey group W=<rylwed) ean be buik fom
&, T+ let Ni=6 ke dhe normalicer o T, 4hen Ny acks by onjugstion on T, hene on ly, sod T=N;

fves T and 1 pointuige w i fact NT/T 9‘0' Toms oot WaNT/T,

Each Borel ogroup B<G wntining T (equi\ra\en’rbd sy Borel sdosipelon b= & con’tmma ) delermines
o =t o) positve rools by a0+ &by e i & bijection befween Syderns of poshive roots and
borels Cm’r&'minca T. Choite ofy Borel alg delermined postve oS and. dominant coweig\n*s.

- Wite =Y for Yre Topan of T, 4hie is Hre oot latkico. Likowice TTSh |, Yne 7-span oy ®V, e Yre Coveot
kivce. The weight latice. Tl e dre dusl o T, e T3yl prez YavedVs. Then we
hare > S XHMESTY, and Trv/ XM & Yhe fondamenkl group of & .



* Examplet Gl, over €. The sulogroup \U (ool) s wnipdent sin all ite eements are, it i slso
nlpolent and wuable. The cental ®ves & 4= (Sé ?)C(éi %)C‘U There is & latger slugole group
Ta= ( *H> ontaining Usy in Gt i ie Rorel sice Glo/T, i 5 proper (l\a% vately (which can onty happen
‘ng i corhint a Bore) aogroup).  Now \Ug i vormal in 5 and dhe qudlient @ Gy, with a splitting

bo D,=(235). kb Plows ot D s & mevina) tous in Ty (hence in BLy) and Uy s Yhe unpolent
radical oy Ty. Likewice \U;: () e e wnipotent wdical o T\;’!:(%IQ. Qo the wnipolert vadica)
dy Glg, orsined in 0L, , moet be dhe faig quup L e Gly it redudive. The radical oy Gly i
Hhoe oreined in #s center Gl , and cleady Hhis hae o fnle index sogroys o the radicsl dy Glo i
G ll, Yre torus of) walar matices. It {olows ek [l Glal2Qly s wmiciople and everyy makex i Gloy
is & product ok & makx in SLg W & walar (He delecminant).

The lie slgebwa $Q3=Ms\-b it e g0 reduckive, its redical (= il cenler) & e el t=c(")) o &l scalar
ratices (uhich ommule win everding) srd Hhe emiimple part is e aleba Sy o tavless 21 mabnas.
Now choote e il Jorws T=2("5) | abe=1} > @me Sla, | with comesponding, Cartan whalgebe
Y= 3 (ko) atbre=0% c &l Uoim (%UQ.&Q frere it & ot spave decoreposition

sy =he(F e Ne (e )e( el L),
Need fo check. T acion on esth cormponert, sy M= be)eT. Cleatty MXM'=X e sl Xehy. 16 X=(332)
Jren MYXM™'= o™X | i (*> S & Qimple T-representation cow@smd% Yo dhe chaader ab5. Ukewice dne
remaining are given by charclery  ac'=a’b, be'= ad, ba', ca'=a’ly', 5'=a'> D we do hewe a mol- spa@
decormposition!  The chancler |attice X*(T=Z7%* recocde Yre exporents o 8,b © the oot gydem is T ":
Choosn% Yre Bor ( > gves & @ o) pstive rodls 0(0—0.\0 o = =al, o 0+r>(, a’b.
oy ks DL, (3D (o) [650), G013 P ealns,

Whete e NPJ&L gfoxxpo The Yorue Tis normalised by N {( 1), > ( ( )'%

whedt 4o sayz=1, of eue. To se the ackion N OT, wmpule Q Yhat (% ”)( "Q(x . 5>4 “C h) ie each dase
ofy N/ T, vepremried by & permukkion mahix, acks on T oy permutiey cD\aan'a\ enbies . Thuse W =@, .

How does W act on | 2 Same. compulation on X¥me< \:)/ (Ire. induson measures the. doinative & e dhandler, o
ae X (T) qels mopped fo daely’ given by L(8)=% s o7V )s wer) e e action
ol M=(":%) i« Mdo=daoM=da, Mdh=desM=dc = ~dodh, ie Mce)=M (do-dlo) = Wdo+dlo = ofst,
likoawoige M eends A -3, e M@\jv ‘03 Yefg\eoxﬁor\ N ol



