
(OlivierSchiffmann) Cohomological Hall Algebras.

§ Motivat ion- Representationtheoryof Kac-Moodyalgebras.
Given 1 -a generalisedDynkindiagram, geta K a cMoody l i e algebra & . Choosing a n orientation

of T (we a s s u m e simplylaced) w e alsogeta quiver①I I , E). Old and classical theorems

relates t ot h e representationtheoryofQ .

Recall that g , i s given bygeneratorsa n d relations determined by T. I n particular there i s a

Cartan subalgebra b a g . T h e adjoint action b a g givesa decomposition g=¥,*p,8 , into weight

spaces, where b¥=Horn(b,IR) and for xEb, yes , w e have [x,y]= any. This i s such thatSeb.
Saif 2 7 0 i s a root i f £ + 0 , write a-bye f o r t h e set ofroots. Have a decomposition 1 = 1 1 1dim

into red a n d imaginary roots. Have dimes,-1 i f d e a r . T h e Lie algebrai s graded; i f a ,B E A then

a t B E A and [Ga,8,31-8×+13-

QE- bye, t h e 71-spanof 1 , i s the rootlattice.This hasa Ca r t an form€ , - ) a n d f o r a n y choice

of simpleroo ts 1T-{di}ie± get positive halves d t e d , 1 7 ¥ 4%10+8, . Theenvelopingalgebraof
h t h a s EhetalleygeneratorsKei 1 iE I ) .

O n t h e quiverside f i x a field 1k a n d considert h e category Rep#Q. Th is i s heredetary, and

t h e numerical Grothendieck group
Komm(Rep,pQ) i s freelygenerated by vertexsimples. This hasa

symmetric Euler form I n ,N ] - horn(M,N)-ext'(M,N)Thom(N,M)-ext' (N,M).

Fromthis data w e define Ita:-{DE IN'T 7 indecomposable M E Rep,#① with dim(M)-d}. This
decomposesa s Atp= Afore1 doti m where d e Afore#some(equivalentlyall) indecomposable M of
dimension d a r e rigid ( i e ext'Al,M)-O).

Theorem [Gabriel, Kae]. Fora ny choiceof positiveroots, there i s a latticeisomorphism KfM2epµQ=Qyg

sending I s i ] t o the simple positiveroot d i , and th ismaps Atp Catoire,Atgim) isomorphicallyt o I t

(respAt're,Atin). Furthermore UdeI N I F Ao,d (t)E 7 1I t ] suchthat f o r a n y primepowerq , Ag,d(g)
i s preciselyt h e numberof absolutely indecomposable d-dimensional Fg-representations of① (upt o iso).

This i s Level0 - a statement about K o , s o homological dimension 0 (semisimplification).

O n leve l1 , w e consider HallAlgebras o r constructible E-sheaves a n drecover Uga).



On level 2 , takingt h e GHA ofT¥epQ recovers thelfangian- a loopedversion ofUga).
On level 3 , t h e critical GHA of T*ED(T*RepkQ). I n practiceth is endowsm o r estructure ontolevel2 .

§ Level 1 : Hal l Algebras

Fix a finitefield 112=1Fg,and le tUp,d-(lb) bet h e groupoid of d -dimensional 1k-representationsofQ . This
has finitelymany isomorphismclasses. Define Howi t too, Funfella,d-(Ik),IC), and equipth is with a

binaryoperation a s follows- ME,ta,,dz(112) i s t h e groupoidof shortexact sequences 0→ M→ N→ R→ O of
1h10-representations withd imM=d,,d imRitz. Thishasmaps M¥2? × M¥2?⇐ M¥9,44) ⇒ Up,d i d24k).

The fiberof q o v e r (M,R ) i s the groupoidofa l l extensions 0→M→N→R→ 0 , s o lookslike I,oEm×t¥
?µ, omen,ji,

while t h e fiberofp counts d,-dimensionalsobrepresentations ofN , i e looks likea Grassmannian.

Writing Hd÷ Fun(Medak),Cl), geta multiplication m : Hd,@Hd,→Hd,tdz; A,g)H g{
" " '¥

*
to!(fog)

I n otherwords, I f*g)(N)= m ff,g)(N)=
geta''d2¥nf(Yn)

g(m).

Thereexists a similarformulafora c omultiplication. Considerthe naturalpairing f f,f '>=
"feat-f'dµ", i e

f f,f')=µI¥f¥nµ. Themultiplicationa n dcomultiplicationa r e adjointwith respectt o f , - ) .

Theorem fringe,Green].Themultiplicationa n d comultiplication make I t into a (twisted)selfdual b ialgebra

Nole that byconstruction, grdimHp:-EgldimHd)zd
= IT¥1#inde:*:'= Expt,-(E,Aga,A )zd)/⇐q

Here Exptzi s t heplethystic exponential that handlesthe discrepancyofcounts between absolutelyindecomposableand

indecomposable representations, b y countingGalois orbits.

Eg i fV i s a INKgraded vectorspace then Eggrdinzlsymv)z - s Expz( Egrdimn(V)E).

What i s the structureofHqo v e r IFq? Firstlooka t t h e spherical Hallalgebra 498" which i s t h e
subalgebraof HQgenerated by indicator (characteristic) functions of vertex simples I s i .

TheoremFringed,Green].
Hop"

i s isomorphic t o Ugyz(his) a s a quantumgroup.
Proof idea. I t i s e a syt oshow t h emexistence of a b ialgebramorphism Ugyz(ht)→ HIM. Now

Uq's(Ht) hasa compatible non-degenerate Hopfpairing, the Drinfeldpairing,making t h ekernelof
thismap a n ideal a ndcoideal which does notcontaina Chandley generator.This impliest h ekernel
i s trivial.



Theorem(Hauser)(Kae'sconjecture 1 ) . grain H§%q-Exp(IaAga(O)zd). Equivalentlyt h e
constant termof t h e KacPolynomial Aqd( t ) i s t h e dimension of t h e weightspace§ .

I t i s then naturalt o a s k whether therei s a gradingo n Ho,such that t h e gradeddimension recovers t h e

entire Ka c polynomial? I nthis situation, i s there a graded Lie algebra§ suchthat A#d( t ) gives
t h e graded dimension of 45£ (with §-degree0 partof§ ) ?

§ Level 1 9 : T h e geometryof Hallalgebras
Workove r 1k-Itf o r ① . Nowthe groupoid Mad(Fa) considered above givest h e Fg pointsof a n Arlin
stack M a d with 1k-pointsFetoeHomakds"',lad"")/T i G Udi,1k)]. This i s a smooth global quotient.

The faisceaux-fonctions allows u s t o replace Hantz with Dbons(Ma) (with coefficientsi n Qe,
possibly). Wel ift a l l structures t o th is stack.

Noteh o w Mad,×MQ.dz#tfxd,tdz=Mo.d.+dz i s a diagramo f smooth stacks.The ext-stack,which
parametoises shortexactsequences, i s t h e total space of RHomofEd,,Ed2)I I where EdeGh(UqdxI)

i s the tautological bundle. Since Rep① i s hereditary, RHom(Ed,,EddF I i s ofperfectamplitude 6,1]
i e o i s a stack vector bundle. Picture: t w o vectorbundles E y, E o→Mad,×Mad, a n d a map

E ,→ t o . Taking the quotientEVE, (where E .,QEobythegiven map), getU ' t a vector bundle

of rank Kd,,dz)- horn(di.dz)-ext'Cd,,dz). The map 5 i s not representable but i t i s almost like

a vector bundle.

The map I T has fibers givenby Quot schemes, s o i t i s proper.

We couldjust t a k e
Dbcons(Idella) with s o m e binaryoperation I T*

out! but t h i s would b e too large

t o d o much with. Instead following Lusztig, w e consider t h e subcategory QQ-Dbons(Ma) generated

by t h e constant sheaves QI/µ%.( i eI ) (Mostof t h e t ime wya. i s [Hem]), and require
that QQ b e stable u n d e r shifts, to , directsummands, a n d I n d i= I T*

T v* .

Note T v i s smooth a n dT v i s propers o IndfoTel,'¥TQe% will b e a 0 ofshiftsofsimpleperversesheaves,

the s a m e r ema i n s love fo r iterated I n d of QTelu.at#...1$QTe1uais. The categoryQQ mustcontain
each summand.



Write Pet for t h e s e t of a l l simple perversesheavesthat l i e i n QQ,d-= QQn
Dbconshtted).

For K-"K%(Qa)":= IQEpa,bpa,u - I . T h e subspace bp.ve i s generated byt h eclassof IP'Ll].

G e t a n associative product 14×021K induced b y I n d .

Let k i c k be the subalgebrageneratedby classes ofOtley,. ,
s e e m s reasonablet o defines i n c e

takingdirect summands makes QQ very large a n d w e want t o geta n analog ofthe sphericalHal lalgebra.

Theorem Elusztig]. Wehave K - K ' l ! ! ) . Further there i s a coproduct Q,o→QI*2givenby
hyperbolic localisation, a n d a twisted b ialgebra isomorphism Uva(H)→ K ' sending E ;H v !beady,]

Corollary. T h e preimages of bip (PEP) give a basis of Uva(H), t h e so-called canonical basis.

. . . Olivier talks about t h e proof. Onekeystep i n proving 1h'-K. i s a n induction by removing source

vertices ofQ . What i f there a r e n o sources? Lusztig related Up t o Ma ', where ①' i s obtained
from ① b y flippingo n e edge.

Moral: i t i s bestt o work with a l l orientations of IT, where any t w o orientations Q ,Q' have a n

associated Fourier transform Q p →QQ.. I n fact i t i s bettert o work with TYtto wh i c h accounts

for a l l orientations simultaneously.

General principle: I f X i s smooth, t he re i s a characteristic cyclemap c c :
KoDbansk,Q)→ Lag'Gm(T*x

)

associatingeach c l a s s t o a Lagrangian Gm-equivariantcyclei n T * X . The map satisfies

c c( L localsystem)-G)' " "HDL).Exeter,section; C C(IPsimpleperversesheaf)c pi'(supple)

Turnsout Olga hasa Lagrangian substack Ad (LustigLagrangian) such that t h e characteristic
cycles map C C : helve,= Ko(Qa)→ Lagan(Http) i s a n isomorphism onto H+op(A). Evidently
this means IdimCHtopnd)zd= Exp(IA,odHzd); but w e c a n d o o n e better a n d recover the complete
Ka c polynomial by takingthe total homology a s Igrdim(Hold)zd = Exp(EdAga( t )d) .

Both have algebrastructures; this i s t h e Cohomological Hall Algebra.



§ Level2 : cohomological Hallalgebras

webeginbyconstructing T*RepdQ. Recall RepdQ= Ed/Gd where EdteetoeHorn(Kd"",lkd"") o n

which G d= T i A ld i ,1k) acts. The tangentcomplexa t a point ± i s #Repo,Q)-Ed→ Ed
where E d= L ie(Gd), a:(y;)t h e ysee,-Yue,re) i s t h e infinitesimal action.To make s e n s eofthis,
note ± c a n b egiven bya point ( xe )E Ed indexed ove r edges(e)ofQ .
Consequently the cotangentcomplex a t ± i s Tl±"CRep¢Q)-Ed"#g'd. B u t writing 01¥CI,Et)

for the oppositequiver, w e c a n identify Ed"withEI,= toeHorn(lkdt"', Kd"").Thetracemapallows u s
t o identify Bai'E g d , t h e n w e have a "CyE )= I e EYE,re ] E E d (sumofcommutators).

Putting th is together, T¥epdQ= TotalSpace(Eci→ &'d)= Tot,@( T
*
Ed↳ &'d).

{moment
map,givenbya !

Thetangentcomplex Il(T¥epdQ) i s &d→T*Ed→ &'d (indegrees-1,0,l). Thepiece i n degree1

i s a reflectionof the derived stackystructure. The(undesired) classical truncation i s the kernel

of themap Fed→ Boi,i e pi'6)/Gd.

T h e classical truncation i s a singularstack, but i t i s evidently cut byt h e z e r o sectionof a vector
bundle s o i t i s a "quasismooth derived stack".

Example. Ta ke 10=00 t h e Jordan quiver. Then Repo,①⇒td/GLd, s o that the moment map
17*81d)¥81," takescommutators. Consequently the d . truncation i s

I(T¥ep¢Q)-{(x.g)Effi l xy=yx}/,

This i s well known to b eirreducible.

Example. Take ①= ⇒ • withd-1,1). Then RepdQ= At4am × Bem (sincet h ediagonal Qm-Gd

acts trivially). Then I C T*Rep,Q)- {xx+ x 'y 'to}10hmx Bam.

We n o w introducethe LustigLagrangian, which recordsthesingularsupportsofal lofLusatia'sperversesheaves.

This genericallyhas n o derived structure, b u t a t i t s singularpoints w e d o not know whichderivede n h a n c e -makes i t Lagrangian. S o w e stick t o t h e classical picture.

The LusztigLagrangian i s then theclassicalLagrangiansubstack It.-{exe,x'Ekee11%,}I[d,"Lt:#ILLvectorspaces↳ sucht h a t
Hk,
}



Forthe Jordanquiver. Ad-{(x,y'Egloff#' I
'y"'nilpotent} =o¥#inT I . Thus irreducible components of

nipc o n eNgldAd a r e i n bijection with nilpotent orbits.

Here i s anotherperspective: Repo,Q = Coho,DHA') parametoises length d coherentsheaves o n 1A', while T¥epd① i s

Coho,
dCAD. ThenAda

T*RepdQ
parametoises lengthd coherentsheaveso n 1A'but withsupporti n A-' x103.

For①- o#o, d-1,1) w e have Repo,D= H&m x ①Gm= (IP'U ①Elim)x ①Gm. T h e nilpolenity conditionforceseither

bothforwardmaps o r both backward mapst o vanish, s o A IRep,① L l
Repka① hast w o irreducible components.

6
closureo flP '

FA?
bundleover①Gm

theorem. ① A i s Generically) Lagrangian.

② Thecharacteristiccyclemap c c : Klue,→ Lagantly i s a n isomorphism onto Htop-¥1,9'I I .
I@ i sd u e t o lusztig,② d u et o Kashiwa and Y.Saito].

To proveboth statements,a n inductive structure o n ^ ("Kashiwara Crystalstructure") i s used.

Corollary.T h e dimension {dimHtop(nd)z ' i s thePlethystic exponential Exp§ Ago,6 )zd).

Question Computation of Poincare' polynomials P(Ad,t ) andPCTtRepdQ.tJ.S1@tegif.Kac'spolynomials compute volumesofcertain Fg-stacks s o to relatet h eabove Poincare

polynomials t o Kac's polynomialsw e u s e cohomological purityresults and pointcounts ove r Eg.

Remarke. Foreveryedgee E E there i s a n associated Gm@Repo,① which rescales t h e edge. Thus a tones

F - 1Gt""acts o n TYzepdQ. I t i s a goodidea t o work Tequivariantly.

theorem① HIM,①) i s pure, even , a n d free a s a n Hf-module.

② t.TT/5epdQ) i s pure, even, and freea s a n HFmodule.

[①i s Schiffmann-Vasserot, ② i s m o r e general a n d d u e t o B e nDavison.]

Roughly, t h e ideafo r ① w a s t o leverageanalogous resultsfor Nakajimaquivervarieties. For20,which

holds m o r egenerallyfor I C Y categories, the idea i s t o relate H .( T* Repo,Q) t o t h e critical homology

of the moduli stalkofobjectsi n a 3 C Y categories (this i s called dimension-reduction). T h e n w e again



employdimension reductiont o relate this critical homologyt o H* of a stack parametoising pairs
( xc -RepQ , @ EE n d(x)). T h i s stack i s stratified byt h e eigenvaluesofQ and everything reduces t o

t h e nilpotentc a s e . I n the Jordan stratification, a l l stoatsc a n b e expressed i n terms of Repdo.

Wegivea flavour ofpointcounts n o w .

theorem Over 1k-Eg, ① I d I T*Repo,①(Fg)l-g-
" '"Ed =

Expt,(¥ {ftp.dctlzd)leg.
② Id/Ad(Itf)I g'd'd>zd = Expt,24¥ I d Anaida-'l d )I t ,

[① i s Mozgovaf, ② i s Schiffmann-Vassent-Voissek].

Proof6610).
T*RepdQ

c a n be identifiedwith{C.M E Ed ,E EExt'CM,MH)}/Gd. Thus w e have

I dI T* RepdQ(HE)I ga'd>zd = I text'Cn,M)I
¥0class
Taut#IM'M> zdimM.

B y definition,-EM,M>= d i mExt'm,M)-dim End(M). Thus IE x t'Cn,M)I= g-
<MM?1End(M)/, i e the

s u n i s reduced t o [µ tend(M)41Auton)l . z ' "? Thequantity IEndMYIAutM I c a n b e computed

from thedecompositionofM into indecomposable, s o t h e s u m becomes Exp(Ed
Ii#aofsdiindegreps-zd)

The computation i s routine o n c e familiaritywith Plethysticexponentials i s given. I

combined with purityresults, w e then have a n estimate o n t h e s i z eo f Hol#Repo,Q).

We c a n n o w definet h eG-D)Cohomological Hall algebra. I t i s convenientt o phrasethingsusingt h e preprojective

algebra: t o t h e quiver① w e associate t h edoubled quiver OT-CI,E UEt ) a n d take the quotient

t o i t # E eEe,#1=0. Thus T¥ep¢Q-Repo,to .

T h e algebrai s then induced by t h e induction diagram Repd,FoxRepaigeRepeat
t.dz#Repd,+dzTQ

.

The map i t i s st i l l s o m e Quot scheme ( i e i s proper), and t o , while not smooth, c a n b epulledalong.

Why? Repeatt.dz
,
w i th derived structure, i s the totalspaceof RHom(Ed,,E d2)E'] a n d t h e map t o "is"

(RHomC
Eda,

Ed2)G] RHom(Ed,,Ed,)(D), a complexo v e r Repd,t o×Rep,t o . Thus T o i s the total spaceof
O RHorn(Ed,,Ed,)lD

a three-term complex. Thenthere i s a natural pullback H . # H .+ zdimfY associated t o a ny smoothmap
× # Y [seeAdedKhan]; concretely w e representRHom(Ed,,E d2)I i ] a s a th reeterm complex



ofvector bundles E -PEPE , . The classical truncation i s the total spaceof E ,→ Ker(b).

Then without appealingt o derived structures,w e pullbackbyconsidering Tota,.GE?..Esom)ooIh=&saTnoj
fE-Tkerb)BepdlTQxRepd,-11g

vectorbundle

s o Tv,
* and Oz! exist (Ty! i s refined Gysin pullback).

theorem [Schiffmann-Vasserot, Yang-ZhaoI (toHo-a,,,Repto,¥0!) i s a gradedassociative algebra
a n d d i t to for H .(A). Further, this holds torus-equivariantly a n d Hot(Repto) i s a n Hq-algebra.

We n o w review s o m e thingsw e know about these algebras.

Wekn-ow: s i z eof HIM), H.T(Repo,Ta) i s given byKao'spolynomials.

Also, Htop(A)c H.TN), which i s independentofT and corresponds t o constanttermsofKao'spolynomials,

i s (as a vectorspace) the enveloping algebra of a Kac-Moodyalgebra.

theorem [Heinnecart]The map c c : 149%+5 Htop i s a n algebra isomorphism.

Describingthe Hf-algebrastructurei s hard. I f w e d o thee a s i e r thingand localiset o Frac(HE), w e s e et h a t

total)→ Hot(Repto) becomes a n isomorphism. Weexpect this algebra t o b e a deformationofa n

extension ofEu] of Blu]. Suchthingsa r e usuallycalled
"Yangians."

theorem ① HIM),o fHI(Pepto),i s generatedbyH I S ) for dE{4.}.
② The map H.TN#eHICRepOT)1oc identifies t h e domain with a small shufflealgebra.

③ There exists a presentationof HIM)locbygeneratorsand quadratic and cubic relations.6
Wheelconditions

④ I f ① i s finitelaffine, HICA),o c i s the usual/affine Yangian.

[① i s Schiffmann-Vassentwith Negut i fQ hasedgeloops,③ i s Negut-Sala-Schiffmann].



Thingslooknicer i f w e takeonly a subtoneswhich preserves the symplecticformlegtrivialT ) .

theorem[Davison-Hannecart-Schegel-Mega,Davison-Hannecart-Kinjo, Jindal 1 HITRepto), i f T preserves

thesymplectic form, i s isomorphict o UCI'}Ps)= too,Ed?? where the affinized BPS L i e algebraB'3¥i s

isomorphic a s a vector spacet o End,The]. Moreover, +08ydi s a s u balgebra (13psL i ealgebra),and this i s a

Borcherds algebra. Lastly, when 7 1 , th isshows grdimgdBPS-Ao.IE')told?

The intersection homologyof
(Repto)@arse

i s recorded a s the Cartanmatrixof toast,d.

Remarku I n general, HICRepITp)@(TautologicalClasses)@HIMa)" i s isomorphict o a Maulik-Okounkov Yangian
[Schiffmann-Vasserot, Botta-Davison]. Moreover GBP5givest h eMaulikokounkov l i ealgebra.

§ Fromquiverst o cu rves

InsteadofRepQ, w e c a n consider a smoothprojectivecurve X andt h e category 6 hX . Then T*RepQ becomes

the moduli stackof Higgssheaves, while Aa becomes t h eglobal nilpotent c o n e Ax. To spellth is out,
a Higgssheaf i s a sheafo n T*X with propersupport, i e a sheafFEGHX with a twistedendomorphism

Q : F → t o w× . Then A× parametoises sheavessupported o n t h e z e r o section, i e pairs (5,9)with 9 nilpotent.

Have Ko-7102, f,-7=(82-08). Looksl ikeaffinizationof aD8"9". Thereexists a "Kacpolynomial" Agr,d ;

abs. indec. vector bundles of r a n kr , degreed a r e A grid(9,11%9),'

Candefinet h eHall algebraofXgleg and the geometric Hall algebra 1 h .

The cohomologicalHallalgebraalsoexists a n d has a nilpotentversion; i t i s isomorphicu pt o completion t o

UCtor,d I } 'd ) . This i s gradedusingWeiglnumbers, w e don'te v e n knowthe degreeze r o piece!

We know U(E-"lol) = t o Htop(Ax).

§ surfaces

Example. Over 1C,for01=00, w e have t o -①Ex,y ] s o t h a t T
*
RepQ-ReptonCoho1A? Thus t h e

c oH A Ho(T¥epQ) i s t h e COHA of z e r odimensional s h e ave s o n t h esurface 1A?



This i s specifict o t h esituation. ForgeneralS , Cohs i s n o t quasicompact o r globalquotient. T h e stack

CoholA2 i s quasicompact, t h e resulting co t t a i s a very small pieceoft h e cotta of t h e ful l surface.

theorem I Schiffmann-Vasserot,Davison] ForF - ①* ? Hot(Coho#2) i s the positivehalf YICET,)oft h e
"affineYangian"of ash.This algebra i s a deformationof Ulm,+as) where w ,+ a s i s t h e l i e algebraof
non-constantdifferential operators o n 1A?

I n t h e non-equivariant setting, Holcoholtf)-n,+ a s=
(DR"tm ?O 'n >OH[Dmz?Dm'zn']= Cmn'-min)Dm+m'-'z"?'

tautologicalclasses

Remark. Onec a n definea fullYangian
'ffEHeY_htcI41x0@EE9q.e,,...?

@ 'thigh,1 " satisfying

① Yaleft,)@HoIhtlCr.l) where t h e instantonspaces Ikr. .) generalise Hilble2)-tha,o).

② (Y,list,)la,=p)completion(£110Hot(Ucr,o)) making t h elatter a Vermamodulefor W (Ehr).

Picture. (cohomologicaldegree)

§ added t o completion

•
I
• • • • •

i÷÷÷÷÷÷
÷÷÷÷....o / o o o o •

• " o a c o • •
,@Nakajimaoperators

(lengthofsheaf)

Mostoftheabove generalisest o anysmooth quasiprojective surfaceS . Write t , , t z fori t s Chemroots,a n d

wr i te K£6)o f Hedencs,Q ) , 8=10×1 class ofa point.The Chern roots a r e t h e "deformation parameters"

t h a t w e cannot turn off. When theyd o have vanishingproperties (ie i f S i s symplectic) w e willrecover

undefoomed L i e algebras.

For L EKf(5)oh, wr i te 772,-{FECohpss 1 It]-a}. Forexample t h eclassical truncation ofM s i s
S xBarn, while fo r l >0 there i s a map d a r eg)5 ¥ Symes whose fibers a r e Tl.CommutingStksta?

(for s o m e partition f -E ;di).

For 2 4 I N8 , 772, i s only locallyoffinitetype. Eg i f⇐ TE, d - r .[ c ] w e havethat 172, i s

t h e stack of Higgsbundles of rank r (no imposedstabilitycondition).



Writing Hls )= t o Holtry,Q) ( a topologicalvectorspace definedbytakingthe limitof homologies

of gcopensubstacks of772,). Inside H(s ) w e have Hols)= ¥ ,HoCmns,Q) . Bo t ha r e

associative gradedalgebras Esala-Schiffmann,Mines, Kapranov-Vasserot, Porta-Sala].

Remarks. When S i s not proper, i t i s usefult o replace Holmes,Q ) by H:(mes,Q):-tittysupp,×4DQm)g)
fo r i t :Symlls)-pt. Consequently fo r a n y open imme rs i o n 5 4 5 w e havealgebra maps

ii. : Ito(s)→ Hics'); i * :Ho( 5 )→ Ho( s ) .

H."' (Mg)± HI,(5)Eu], by mapping x c -HI,G )W i t x n Ems]'!

theorem [Mellit-Minets-Schiffmann-Vassent]. Assume s i s cohomologicallypure.

① T h e assignment (X¥Ef¥§gI' → Tna) givesa n algebra isomorphism Hols) = Wittols)

whereWittols) has

Tn(ad+ bµ)-at(X)+ bTn(µ) Ha,bee, bluetics);
[TmApe),Tna]-[Tma),Tn(pen)]
[Tma), Tn⇒ (µ)]-3ETm+,A),Tn⇒ (µ))+ 3 (Tm⇒ (d),Tnt,(µ)]-[Tmn+34),TnGul)-Tim(d),Tnt,Hitzµ))

+ {Tm,Tn}((tittz)A sXµ) - O

[wesym(3) W ' [Tm343)[Tmz612),Tm,+ , (di)]]-O.

② Assume 9=0,CE-92 ( s symplectic).ThenWittols)E U(wins)), for winsG )=¥
%zmD%

with relations EzmDnd,zm'D"'µ]=zm+mKDtm'g)"D"'-D"(Dong)")dµ/q.

Idea : Hols) shoulda c to n the homologyof interestingmodulispaces parametrising ¥1-dimensionalsheaves.

T h e generalformalism,d u et o Kaprana-Vasserot, i s thatofa Hecke pattern.

Definition Assume S i s properforsimplicity. A two-sidedHeckePattern i s a locallyclosed substack

X - I X , - Mi's' (stackofsheaveso n S with n o O-dim subsheaf) such t h a t X i s stable unde r Hecke

modifications, i e t s . e s O→ E→ F → G→ 0 with G E772µg, w ehaveHEX⇒ E EX ) and((EEX,FEM")

⇒ 5 -EX).

F o rexample M£2,M?!HilbG) .



Perposition l e t X b e a two-sided Heckepattern. t h eKEG), Na-n.IO#Ho(Ma+nsnX,Q) i s a left
Crespi.sight) modu le o v e r Hols).

Ilutologicaldasses. HIautlxa.IQ)-(fchiledud I i .d)
Hautsheafo n Xj×s

There i s a canonical morphism

^ (s)-l feesupercommutativealgebrao n symbols ch-i(d ) t i ,d}I Hfant(Xd).
The tautological homology H t.MX,)-H:'-(X,) s [×,]""

g FockSpace

theorem L e t X bea Hecke pattern.There i s a map 1¥Als)¥744,taut-netoz
HotantX
, +ng)

which i s a n intertwiningoperatorfo r the Hob)-Wies(s)-action.

Ingredients: t h e m a i n idea i s t o u s e Negut's lemma t odetermine the actionof length1 Hecke operators

a n d specialise t o Hilbert scheme of points t o perform explicitcomputations.

Remarkw This extendst o a n action o f Wes( s ) a n d this recovers t he Virasoro algebra.

Application(inprogress).Assume s i s sympledic, s o Wittals)-U(wittols)).There exists a n affinized

BPS l ie algebra§B P Sassociated t o5 such that c o t ,Ac s ) -U( to £131's)
completion

theorem[Davison-Heinnecart-Kinjo-Schiffmann-Vasserot] Let a b e a class c u r v e s u c h that 230.

① ofEPs= Hotant(Ma) (Markman'stheoremforn o n coprimecase)

② F explicit element To43) s u cht h a t a d(Top):IBIS-¥27, i s a n isomorphism (X-independence).


